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Civomp Veleelty, Wi hirve seen ot e phave sehocity & = < el B eaweniie veltbeity of t'l:::l *H;

wewpmrnily pemracr the Buvry of relosrviey ahers ae Rave pentated that o clri::ll:ﬂﬂ:"'h:"‘;:" .
! Himienlty endnty

® wrlncity presie fhen fthe selaciy of e The reahytion of the ke :

rrrempeied wlmg the paide with 3 ermaller vehaciry than the rehwify of Hght, namely *.':::_“::Er:: ;m

rormr swbnciny Signals @ tromeeminied with fle groap relrity el mnt with the phise ve Pl

velncity s e the velnciry af povpagasion of axy physhoal quaniine - this rimply represents

ed pacsiss - enlculate the time

i™

T devermine the proup velocity ie the veldcity of eneriy propagati
pyerapr enerpy demaity and time averaped-Poynting vector Then dividing the Prynting ﬁ-‘ruvr (perwer Mivw)
Ty The enerpy demity, the velocity of eneTgy propagation {group velocity ) may be ohtained.
In terms of A, and A, the electric field (4) may be wriften &
g = N
l-l"E':tm[%]l"I:“"-":""‘1 ' {12y

mwwimhmwnmummtm
nn‘ll-:-—% and assuming that B (r. 1) = B(ere

wr guickly find

Br0 -Ih*:-T"ﬂn’—:-‘f.-' |M.-u]+ﬂ£’-§:m;]—:1¢' (@reA -] (D)

The time averape Poynting vector is
5> = ;n,u.:-xm = ;g.:s.'h‘,!

2
- gx{ﬂ" sin 2—;‘1 ir[ﬁ]ﬂn [—;{1]]

In o | !
w 2E*E v #in ——"J
Integrating this cxpression ﬂmy-ﬂmr-l.mﬂuguidt yie the total average power travelling
slong the guide
F-ﬂ l d?n&u-—' . - Set— ‘
= o 45 E‘l 3 ]L w(14)

(ljnmj::in:g{ldy = -%]

The . ¢ averaged energy density is
< = %ngm-.p+u-.1“

2
-im[;.,f*f:i:’[%}ﬂ-q?f{ﬁ-{:] ﬂnl[;i‘m*]+i£"£'[?&]lcml {"—]] L(15)
Intcprating in y-direction from y = 0 to y = L across the guide, effectively replaces sin’ [—1{'—' and cos’ [;--;?*]

8
H‘I-'I'hul
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21 Reflection

itned Refreictiom a7
=N fl
n

<wdy = Lgn e bl -*n,[ﬁqui,]]
Hiln ] i'r

L
= %f‘ﬁi[ﬁl*tﬂ!
= 1 e
- ‘wimily — " el A 10)
Y Irropagation or Browp velociy

i g 2n
s Bvpl ——_ |1
b = S0 4 E[unml,] __ Zn

=i S
= % E* Euy L u'ﬂgﬂm}":
. 25 8
- 3 = €5 = csin (1T
Obvious! .r . s
Y Eroup velocity vg is smaller than (se v:]ucily :Flighl,

The grou i
group velocity v may he ohtained by usual relation v, =

du o I
. " . tho mtio — lled the ph
velocity which in this ease — Tk ratio 7= is ca the phase
dm
: Ve = 3K, ~A18)
Equnuun{ll}mnyhg“pmsmd o ]
2 ] -]
k =K +k =
In free space k = w/ec, therefare L (as k = ImsA),
/e’ = ch + j_-:
g : (o= ek +k5] . e (19)
: . H : ; i
Differentiating this equation with respect o kg, we get
di R TE L ) ek
U = f}k: =g -3 ckl_.'l-jf:} b4 zh'r = I/Le using{]g]
2 [k c .
=L . = =
(m] Fsin B csind. L020)
Wehave v, = c/sin@and vz = esin@.
Thaus it is rendily apparent.
VG = . w213

9.12. Wave Guldes

A wave guide is o hollow pipe of infinite extent. We shall now consider the propagation of
electromagnetic waves along o hollow conducting pipe (wave guide) of arbitrary (simply connected) cross
section uniform along its length. We shall assume that the walls of the wave guide are perfectly conduciing
and 1ake the z-axis along the waye guide. For simplicity we further assume that the interior of wave guide is



e Eleciromagnetic Theory and FElrectrodynamics

. tion which in vacuum
vacunm, As shown in chapter 7, each component of E and B must satislfy wave equa

has the form 5
3E _ _LIE &5 (@
?’E—H-ul:u—a;, =0or VE 2 af k1)
3
2 a'B _1IE _ 4, s
VB - s, P =0 or VB 3 P

st st be satisfied. As the
In addition to these wave equations Maxwell's equations and boundary conditions mu
wave is propagated along Z-axis, we assume solutions of the form

E(r.1) = E(ry) ™ ~--fﬂ?} ~3

Bir.f) = Bix,¥) E“'rm'_ - (B) . aves in the Z-direction. The
Appropriate linear combinations can be formed to give travelling or standing x it is unknown parameter
wave number &, is known from preceding section but however we assume that

tion reduces lo twp
which may be real or complex. With this assumed Z dependence of fizlds, the wave equaio
dimenstonal form

] 2
L§+§—EEE+%E=U'
dr ahy € :
2
ar gt—-%zvh%-l- ﬂz'-—k:]ﬂ =00 2] @)
e €
2
o SILIE G
c
Now if V7 is transverse part of Laplacing operator V7, then
¥ _F &
I -4)
= & o

In these notations equation ( 3) takes the form

[vi+(5-] &} = -

Now Maxwell's curl equations for free Space are

VXE = - {a)

dr
_ . _3E i _ 13 ~(6)
and ?kB'Ma: t::r"i’:icEl—‘:1 T
which in terms of componcnts can be written ag :

3 3k 2]

d  d  ar
9E, JE, 9B,

9 Ax or A7)
O _3E __am,
dr & o |
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!?:‘_'1_.‘1’3_1 o 08T

L Ao

and aB, O, 1 ag,
a: r'h R
W L

v ay T I,
From the form of ex or = o : |
Ponentin] et =, o apparent (ha

9 '.*
= ik, i == —b = it
Therefore EQUALIONS (7) lead 1o a: W

JE
_af =ik E, = joR, wnelr)
. 7]
ik £, — '_.J.‘;{ = .Fmﬂ ;\) vl B)
38, _k,
aH&t El_v = jol, w0} ;
- T L
dy ik Bym - 2 E, wo(e)
a8 i
and (hell,~ 5% = -.:‘;'I-’E, )
2B, 0B, i
&r -'-—----FEI f{']- J
Substituting values of B, from (Bb)in (9a), we gt
oE,
am, |- iw
‘55-‘"*= o s
) .E}H E}E, ke e
e, D.'l ":1?- [ F E‘
: o i [, 28 0,
ie. E w3 {k‘ ar @ dy
o

Now eliminating &, from (&) and (9b), we pet
i L .ZIE, DH
E, = S [J.‘ St ]

Similarly eliminating E, ond E, in turn from (8) and (¥), we pet

W Th)

o83

=A)

g L]

w(11)
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A8 Electromagneiic
([ o O, 2)
'ﬂ't‘"'r_'i* il =71 dy
m 1 gy g
=k
i af, w2k, A3
8, = ke 3o * 3 ¢
w2 - JH
5=k

[

Equation (10% (113 (12) and (13) show that
solutions of the two dimensional wave cquation (5), The
(113, (12} and (13}, In general cylindrical guide with per
9.11, is under consideration, then the appropriate

boundary conditions are  that  the tlangentinl (&N .~ _-_E
component of E and the normal component of B |©

should vanish on the surface of the conductor, The b

- ; -

it iz sufficient to determine E, ond 8, a5 the I:'-mrnpr::}c
anents can then he caloulated from {111,

iy oo queh as that shown in fig,

fecily conducting walls,

11 Hollow cylindrical wave gubda of arbitrary cross

boundary condition for tweo dimensional wave g5 g
equation for E, viz. sectional shape
! (14
VIE+| %k |E.=0 (14)
: ™
that the tafigential component of E should vanish on the surface ol the conductor requircs %

Bl =0

The normal eomponent of B at the surface rr.qu[lre,s |
Benl_=10
5

where n is unit vector normal the surface
! B (x,y) e ™ en i_'z =0

ir,
B,
this condition implies 5| =0 -(16)
LE]

where 343z is the normal derivative al the point on the surfoce. The two dimensional Wﬂ\"-‘-_"-'qumi““-‘-i (3] for
E, and B, together with the boundary conditions on E, and B, at the surface of the cylinder allow only
certain values of axial wave number &, for a given frequency w. Because of different boundary conditions
on E, and 8, they can not be generally satisfied simultancously. Consequently the fields may be divided into
iwo distinct classes.

Transverse Magnetic (TM) Mode. In this case # = 0 always ie. magnetic felds is always
pempendicular to the direction of propagation; hence the name tronsverse magnetic. These type of wave are
also sometimes named as electric fpe waves or E waves.

Substituting 8, = 0, equations (10) 1o (13) take (o lorm
E. i ;k'# a_E' L ;k! - E ._.f!?}

[H !] ;h: {ku _k'} a.'l.'

-2 &
s
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gl
ek OB
W Il Ay el
_OE, e BE,
2 iy {k.f "‘-':]' JERETY L 19
®y i oE,
P e > 20)

Thus in TAf mey
':Ompfmem pr :I;t;ﬂ tf[l:!:lmﬁ:ifcrse components of E and B ean be expressed in terms of longitudinal
cquation (S) for b, o = eomponent moy be obtained by solving the two dimensional wave

2

i L8]

fa

or z

ViE,+(lg -k E, =0
The boundary condition for this equation is E,ly = ‘IEII : @)
(il) Transverse electrie ({TE)} M i ay
) ode, In th = f i i :
perpendicular to the direction of propagation af o M s e

the wave, hence the name framnsverse eleciric mode. The
" ; d 3 e
types of waves are also called magnetic type waves or H-wiaves,

Substituting E, = 0, equations {10} 1o (13) take the form

E = im B, _ _iw OB,
T . .(22)
7k *
3
foh olb,
= —4& 423
ky = ki 3 e
ik 3,
kni_.k: - w{24)
ik, oH,
o | {25}
-’-’uz—-'-': dy

Thus in TE mode all transverse components of Eand B can be expressed in terms of longitudinal
component of magnetic field. This component may be obtained by solving two dimensional wave equation
{5 for B. wiz,
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JR4 ;:‘h-ﬂnmlflﬂ'”

1
1
?E n‘- " l_ﬂi —.'.':. ]Hf e [)
A e
m—t vin, o (hy = ke) By =
with the boundary condition
Al

Bl o

£
gnent o
According o cquations (22)~(25), this condition ensures that ““ﬁ:nnl c":l,'l,:gumu
Thus the problem of determining the electromagnetic figld in 8 W

f B s £oro.
reduces to that of ﬁnding

solutioms of two dimensional wm.-;: r,qunln'm-n i o 1| y =0 il 27y
VI + =k w = 0 or [V + K
subject to boundary conditions Wi =0 and 3y/dn lp =0, 5
2.2 .2 Y (28a)
Herc K =kg =k or ko = Kotk
. ) 1 w28 b
Equation (28 a) is equivalent to L, = '-I—z Ttz :
;ln; p"I' 'a"ﬂ inns Llrﬂw“ EI1 the PFEDEI;H ng

which is same as equation (11} of preceding section 9.11 Thus .mn ganc::: parallel conducting planes,
section arcquite general and arc not limited to the case of propagation betw

1 it v ateen values of the parame
For a given eross section the solution Y exists anly for a certam definite c18E 45

2 I : s coughly speaking W must be oscillary
k- Tt is easy 1o see that the constant £ must be non-negative, since L:,If];inih:r. These will from a spectrum

in order to satisly required boundory condition on opposile sides of the € .

. gel. These diffe
of eigen values 'f-".—zh ond corresponding solutions y, (=1, 2, 3) [orm an "f‘hub'“;:: :: N deh.-rm';lni:?-nl
solutions are called the modes uf the guide. For a given frequency @ the wave NUMBED B, & e

each valuc of &

(kD = k= (k7 = Wi = (k2 .(29)
Since E‘? = kﬂz . |'.'|.11 therefore we nolc I;h:l.l! rth'.ﬁ:u pe J F.'l_ n\r o> oy, the wave numher ":J: ig;l I'ﬂil-l r hcnﬂlc Wif"-‘":.\ oI
such modes can propagate in the puide. Bui if k. <k, or w<w,, &, is imagmary which is turn implics the

attenuation of E and B given hy (2) ; hence such modes ean not propagate and arc called cuf off modes., The

frequency given by
(gh = [e] (k) =30}

is called cut off frequency. Then the wave number can be writlen
e (kA ='i'\J{mI—|jtﬂ3:| A A3

From this it follows that a guide acts a sort of high pass filter in the sense that only frequencies greater that
cul off frequency can be propagated in the guide, Moreover at any given frequency only a finite mumber of
modes can propagate. It is often convenient Lo choose the dimensions of the guide so that a1 the operating
frequency only the lowest mode can occur,

The velocity of propagation af the wave (Le. group velocity} along the wave guide is given by the

derivative
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The phase fromai g Wwhe

1‘:!!)-:113? Py im he Buidg i k‘ L Rt

Is piven by

o= D L e

Obviously 7=
; x =€ ol becomes | i
with the proup velogity, “s infinite exactly at cut off lrequency.

TEM Waves,

ke a{m!—uﬁn - _

385

-{32)

e energy in the guide iz propagated

In addi
dition 1o FE and TM modes, there is a degenerate mode, called the transverse

electromagnetic (7, -
(01, e nn:-:: ﬁ'::slhmnd-cf. "N which both E, and &, vanish. If we substitute £,=8,=0 in equations
SIS 1% N0 non-zero component of E or B. This implies thot TEM wave ean not be

Propagated along the wave-pujds

1'!’!_.'1:!+ Rectangular Waye Guide

The m ~ ; i
05l commonly wsed wave guide ix thot of rectanpular

Lrods-section having inner o i
et aving inner dimension e and b as shown in fig,

The solution of twoe dimensional wave ciuilion
2 2
3 : ) (Vi=kHw =0 LB
can be carried out in reclangular conrdinates as follows -
. TE Mode. For TE mode £;=0: hence cquation (1) is 10 be
writlen for £, ; which takes the Form

a2 at 2
i S Y =
[ CT SR T % [Hme

The boundary conditions are

i, [ :
af‘i T =H
. o,
P Be =latx=0undx=g
a8,
— =
and o laty=land y=f

We shall selve equation (2) by the method of separation of varinbles,
Therefore wriling fiie,y) = X{x)¥iy) = XV
where X is a function of x only and Fis a flunction of y only.
Sushtituling equation (3) in (2) and dividing by X¥, we get
L % 12y
—El okl =0
X o *y ay’ e

o (2¥

A3
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U7 Efe
or J 51-1-"; +!" - : %}l"
¥ ix Lﬂl‘h » function af ¥ only. Hence this Sy,

In above equation L.11.5. Is a fupcilon of & only, while 1;-'
fr.

will be satisfied if both sldes are equal (o n conslant By
! F
| XX (2w sp

X
s X L w2-phx =0
ox
2
or X +q:x =0 '-11_;
dx
where g = K -p 15
| &Y _ .2
-—— =p
and Y 3;1
=
or —¥ +pY=0 =6
_ oy
The solution of equation (4} and (6) are ;
X(x) = Acosgx + Bsings A0
-{8)

¥Y() = Coospy + Dsinpy

where A, B, C, D are arbitrary constants.

We have the boundary condilions
28, = Datx=0andx=¢a

a8, = Oaty=0 andy==b

These conditions are equivalent to
=Datz=0andx=a

and '-;;F= Oaty=0undy=b.
Differentisting equations (7) and (B), we get
%‘% = — Ag sin gr + Bgcos gx

oy = — Cpsinqy + Dpcospy

dy
= ), we gel

Applying boundary condition g—f
Bg = 0 .. ThisgivesB = 0
Mow applying boundary condition % | = 0, we get

.-—.Aq singa = 0

r=a



Arplicerions o Eleetim i
f eRnetic Wavey § Reflection and fefraction e

Siga = Oar il = g, thay ie,
o= ff.ﬂ {m iﬂl:ﬂ'ﬂr} i I,

In precisepy
an Tn:.: '51'.‘] the same myap NEF We conclude et 43 = () gnd frmust be restricied to values i "i‘
Eerdn this way py obiain (e solutinng

N = Ao [% x: Y{‘rjec'nm[%]y ol 122)
whee m=1,2,3, .. nm 1,23,
and 2 2 mt n’
bl =p4+g =n [:1?4-?]
The solution for g, (;, ¥} is consequently
8, (5 ¥} = B, cos —;"? cos i:.! w1 3a)
2 7 42
when [( Sy . %:? + 1;_1 ~A13h)
Here the indices my specify the mode, The cur off frequency w,, s given hy
12
D *;L: * ‘;_.: [ 14)

The modes corresponding 1o m and o are fepresented as TE, | . The case m=n ;- 0 gives o static feld which

does not represent a wave propagation : hence the made TEy represents non-trivial solution. Ma = &, the

lowest cur off frequency resulis for m = I and p=0,

P il T
i.e. iy = T ar {kr_hu_ = ; A 13)

The mode {TE\g) represents the dominant TE made and is the one Used in most practical situstions. The
values £, E B, and B, for TE mode may be ohtained from equations (22)-(25) of preceding section by
substituting the solution far B, , which iy
B (r) = B (x,y)
= Byeos ZTX gog MY ikae o [ 16)
i b

Thus we have



. ﬂ‘.ﬂ'd Efﬂ‘f-l'ﬂu'}-n#m‘.
188 £l ctromagnetic Thear¥ cr
amy =)
E, = 'Im:m By cos — 5 "E'E L
i amy am
RPN [
e b €os T {17y
p nmy =
= — ’:T“ fig sin ___m:_r eos —, r
oa
inmek mnx . ARY AT J
8, =~ t:IBﬂW’Ts'" e
o
For TE muxde, these equations yield :
T
(pvut =1, we Ok = :{J
E J*_.l‘j’w
E, =8 =E=0; 8 = Bycos _;Jf
e et k18
and Eln—iﬁgﬂnsm an )
. g
Er’:l?c-.ﬂg.'illl'l = "—'MI dife
R . hase difference of n
The presence of a factor i in 8, (and E,) means that there is 2 spatial (or tempornl) P 4T
between &, (and £,) and B, in the propagation.
3 - = whi the form
781 Mode : For TM mode 8, = 0; hence equation (1) is to be written for E which takes
i+i+ 2 g, =0 19
at
The boundary conditions are £, =0atx=0,x=a, y=0a y=h
(19} is of the form

Solving cquation {19} as for TE case, we nole that the solution of equation
E, (x,y) = Eysin [%] sin [%‘l]
where & and hence @, are still given by equations (12b) and (14). This implies that TE and TM modes of a
rectangular guide have the same set of cur aff frequencies, However in this case m= 1 and n =0 represenis
non-trival solution since this gives £, = 0 and hence all components of E and B will be zero,
It is obvious that in this case the lowest mode has m == 1 and may be represented by TMy . The cut

off frequency of lowest mode is given by
142

20)

|
oy =we |5 +73
“ [az IS a L]
Since a < b, therefore the cut off frequency of lowest TM mode is greater
a4 qle2
z The fields £,, E,, B., B, for TM mode may be obtained from equations

the factor | 1 + | —
b
{173+22) of preceding section if we substitute

-Ez[rr )= Eg(x,y) e

=

1/2 )
T] =E[:+% 4218
hian that of the lawest TE mode by

‘—'_h_'hl.—' - i e =

e P

Srcrpge il

Lp e

.



Applications of Electromagnetic Waves I : Reflection and Refraction as2

i E.(r.1) = Eysin [ ?] sin [EEI] i o - A22)
Thus we have )
imnky e ] [ my ] e i
E, = i Eﬂ.:ns[*—:— sin [ == 1 e
B, = S Bysin [ 22 ] con [ 2] M .
o - [ o [ 2] e
T
= krzﬂl-'] Epcos [ﬂ?‘] sin [E%:I] 'i-!'.l-hﬂ‘

Ex. 2. What must be the widih of a rectangular guide such that the energy of electromugnetic radintion,

whase free space wervelengih fx 30 cm, rravels down the guide ar 955, of the speed of light ? (Meerut 1970)
Solution. We know that the energy of cleciromagnetic radiation is propagated down the guide with

ey b}'
group velocity given
ke eNag—kD k217
v, = 'kl:l kﬂ = & 1 -E .,,{l}
For rectangular wave guide . : ;
[

;) = n* [% + =

For TE mode and a = b ; the maximum eul off frequency is givenby m = land m = 0,
]
: = n! [l + 'P"] = X
e ad  a a" —(2)
If &g is free space wavelength, then . k.= 2n/hg B
Using (2) and (3), equation (1 } gives
B, =g 1,1@_“” l‘_&.i”*
: (2n/Ac) pre
squa:ing, we gel
tl'l = f_‘z ] = E
£ .’a!
w2
or = -
This gives
= Ao




nezic THeoT§ and Elrcirod o,

el £
190 Elrct
o - = = 3
Here v, !UD c =09 canddy = 3em = 003 m -
————A
- = o -(095)1
a [ = 173 i {
: -(° J
003 ppasm = 4Bcm-
= 2x012
9.14. Circular Wave Guide guide 15 that in which fis

[=

The next most important example of wave puides after the rﬂﬂ;ﬂ and the cozxial line, wigy
bounding surfaces are circular cylinders. This includes both the f-*ﬂw':" E"mm them. In efther cone g,
has two concentric cylinder, with the wave p'ru'pagﬂind in the angy
two dimensional wave equation viz. 11

vi+kHw =0 ves for cases WhETE CTDSS-secting

is 10 be solved in cylinderical eoordinates, but here we shall restrict oursel
is circular. Let a be the radius of circular cross-section

We have

=]

a _[L2f,2):L1 =
Ve _[r i [r H.r']+ e
Therefore two dimensional wave equation (1) in thi: mse becomes

—7)
+ilw =0
[r Er[ ar] ] v
If & is the radius of circular cross-section, then the h-uundnry conditions are
w -ﬂmdi“'hl =0 for all values of B -3
Now let us write Maxwell's equations in cylinderical coordinates (7, 8, 2)- Maxwell's curl eqUALORS I free
space are
: aB
VxE=—-—
and VxB=2E )
c

In eylindrical coordinates equations take the form

¢ 3E. IE, AE, IE Y a 1_[1 _;]:‘
[?aa‘a;]""*(a:‘ar]"'*r ar R - |7
9B, » 9By A ﬂﬂ]
i a.—"""a Mty M
1 95, :31?_'] ] = _98, 1A
g [r a8~ ar s az _ r|dr (r Ba) o8 2

1 [2E & E_-*Eu 9E; a
'F[a; "*"‘ar"“"ar”*]

Comparing coefficients of n. ﬂﬂ and ;1‘: on either sides, we gel

STRSVE T R

I=iem a_aa




